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Formation cross-sections of evaporation residues have been measured in 19F + 159Tb
reaction at Elab = 83, 88, 93, 98 and 103 MeV using recoil catcher technique followed
by off-line gamma-ray spectrometry. Significant contribution from incomplete fusion has
been observed at these low beam energies indicating the contribution to incomplete
fusion from collision trajectories with angular momentum (l) less than the critical an-
gular momentum for complete fusion (lcr(CF)). Incomplete fusion cross-sections could
be explained using a modified sum-rule model which allows effective competition from
incomplete fusion for collision trajectories with l < lcr(CF).
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1. Introduction

Heavy ion fusion has been one of the most widely investigated subjects in the area

of low and intermediate energy heavy ion reactions. Such studies have helped in

understanding the various processes occurring during the collision of nuclei such as

quasi-elastic transfer (QET), incomplete fusion reactions (ICF), and deep inelastic

collisions (DIC). Contribution from these different types of reactions depends on

the beam energy and projectile–target combination. QET reactions involve trans-

fer of a few nucleons and the spectra of corresponding projectile like fragments

are peaked around optimum Q value, i.e. Qopt.
1 Dissipative effects are minimal

in QET reactions. On the other hand, DIC reaction involves large kinetic energy

dissipation, manifested as low energy tail in the kinetic energy spectra of projectile

like fragments (PLFs) extending up to the exit channel Coulomb energy. In DIC,

projectile and target stick together for sufficiently long time so that there is an

exchange of significant number of nucleons between the projectile and the target

nuclei. Incomplete fusion reactions are expected to lie between QET and DIC in

terms of kinetic energy dissipation. In ICF,2,3 a part of the projectile fuses with

the target and other continues to move in the forward direction with approximately
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beam velocity. Transfer of mass takes place from the lighter reaction partner (usu-

ally projectile) to the heavier one in ICF reactions. Angular distributions of PLFs

formed in ICF are forward peaked compared to those of PLFs formed in QET.4,5

In our earlier studies, it was observed that the cross-section of lighter PLFs formed

in incomplete fusion or massive transfer reaction falls more rapidly with decreas-

ing beam energy compared to those of heavier PLFs formed in the transfer of a

few nucleons.6,7 This observation suggested significant overlap of the projectile and

target nuclei in incomplete fusion reactions. Such collision trajectories would lead

to incomplete fusion at higher beam energies due to the large angular momentum,

which would otherwise lead to complete fusion at lower beam energies. Deeper in-

terpenetration of the projectile and target nuclei in incomplete fusion reactions has

been reported in earlier studies.8–10 Measurements on gamma-ray multiplicity in

coincidence with outgoing PLFs have indicated the localization of ICF channels

in angular momentum window extending below the critical angular momentum

for complete fusion (lcr(CF)).
8–10 Measurement of spin distribution of evaporation

residues by Singh et al. in 16O+ 169Tm reaction showed localization of incomplete

fusion close to the critical angular momentum for complete fusion.11

Several models, namely, break-up fusion models by Udgawa and Tamura,12

promptly emitted particle (PEP) model by Bondorf et al.,13 Exciton model by

Blann,14 multi-step direct reaction theory by Zagrebaev15 and sum-rule model by

Wilczynski et al.1,16 were proposed to explain incomplete fusion reactions. Morgen-

stern et al.17,18 showed a correlation between the probability of ICF reaction and

entrance channel mass asymmetry. Projectile structure also plays an important role

in incomplete fusion reactions. Most of the studies involving projectiles with alpha

cluster structure e.g. 12C (Refs. 19–26), 16O (Refs. 26–32), 24Mg (Ref. 33) and
20Ne (Ref. 34) have shown significant contribution from ICF reactions. Sum-rule

model,1,16 which allows effective competition from ICF only for collision trajecto-

ries with l > lcr(CF), successfully explains the ICF cross-section at higher beam

energies (∼> 10 MeV/nucleon), however, it underestimates the ICF cross-section

at lower beam energies (∼ 5 MeV/nucleon). At lower beam energies, it is necessary

to consider the contribution from low l-waves to ICF to explain experimentally

observed ICF cross-section.7 These observations suggest that reactions involving

incomplete mass transfer are not well understood and, therefore, heavy ion fusion

continue to be an active area of investigation.19–35

In the present work, cross-sections of evaporation residues (ERs) for complete

and incomplete fusion channels have been measured in 19F+ 159Tb reaction in the

beam energy range 83–103 MeV to investigate incomplete fusion reactions at lower

beam energies (∼ 5 MeV/A). cross-sections have been measured by radiochemi-

cal method which involves recoil catcher technique followed by off-line gamma-ray

spectrometry. Experimental cross-sections have been compared with the calcula-

tions of statistical model code PACE236 to investigate the contribution from ICF.

Results of the calculation using sum-rule model1 and modified sum-rule model,7
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which allow competition from ICF for collision trajectories with l < lcr(CF) are

also presented.

2. Experimental Methods

Experiments were carried out at Pelletron-LINAC facility at Tata Institute of Fun-

damental Research, Mumbai, India. Self-supporting targets of 159Tb metal foil

(thickness ∼ 2 mg/cm
2
) were bombarded with 19F beam. A super-pure aluminum

catcher foil (∼ 6.75 mg/cm
2
) was kept in the forward direction to stop the evapora-

tion residues recoiling out of the target. Irradiations were carried out at Elab = 83,

88, 93, 98 and 103 MeV. At each beam energy, one long irradiation (Tirr ∼ 5–6 h)

was carried out. In addition, at Elab = 93, 98 and 103 MeV, short irradiation
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Fig. 1. Typical gamma-ray spectra (top panel: Eγ = 100−350 keV; bottom panel: 600–1150 keV)
of evaporation residues (ERs) produced in 19F + 159Tb reaction at beam energy of 103 MeV,
Tcool = 111 min, counting time = 3000 sec. Gamma-rays from different ERs are marked in the
figure.
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Table 1. Nuclear data used in the present study for the calculation of cross-sections of various

evaporation residues (ERs) taken from Ref. 37. The reaction channels for the formation of evap-
oration residues shown in this table may involve emission of different ejectiles, therefore various
reaction channels are expressed in terms of protons and neutrons as ejectiles.

Radio
S1. No. nuclide Half-life Eγ (kEV) Abundance (%) Channel

1 174Ta 1.14 h 206.5, 310.9, 764.8, 60.0, 1.25, 1.26, 4.9 (19F, 4n) and EC/β+

1206.9 decay or (19F, p3n)

2 173Ta 3.14 h 172.2, 180.6 17.5, 2.1 (19F, 5n) and EC/β+

decay or (19F, p4n)
3 172Ta 36.8 min 214.07, 1109.3 55, 14.9 (19F, 6n) and EC/β+

decay or (19F, p5n)
4 171Hf 12.1 h 662.0 14.8 (19F, 2p5n)
5 170Hf 16.01 h 164.7, 620.7 33.5, 22.9 (19F, 2p6n)
6 169Lu 34.06 h 191.2, 960.6 18.7, 21.2 (19F, 3p6n)
7 167Yb 17.5 min 113.3, 176.2 55, 20.4 (19F, 4p7n)
8 166Yb 2.36 days 778.8 24.9 (19F, 4p8n)
9 167Tm 9.25 days 207.8 42 (19F, 5p6n)

10 162mHo 68.0 min 186.0 29.2 (19F, 7p9n)
11 161mHo 2.48 h 103.5 3.9 (19F, 7p10n)

(Tirr ∼ 1 h) was also carried out. During the irradiation, beam current was moni-

tored using an electron suppressed Faraday cup, placed behind the target catcher

assembly. Current from the Faraday cup was recorded through a current integrator

every 30 sec. This allowed minimizing the error in the cross-section measurement

of shortlived radionuclides due to the fluctuation in the beam intensity. After irra-

diation, gamma-ray activity in the target and catcher foil together was measured

using a pre-calibrated 30% relative efficiency HPGe detector coupled to a 4 K multi-

channel analyzer. Typical gamma-ray spectra of ERs produced in 19F + 159Tb re-

action at beam energy of 103 MeV is shown in Fig. 1. In the gamma-ray spectra,

peaks due to the characteristic gamma-rays of different evaporation residues were

identified, which are marked in the figure. Assignment of gamma-rays was further

confirmed by following the decay of the evaporation residues. Nuclear data required

for the identification of the evaporation residues and determination of their forma-

tion cross-sections were taken from Ref. 37. Gamma-ray spectra of the evaporation

residues were analyzed using the peak area analysis software PHAST38 developed at

Bhabha Atomic Research Centre, Mumbai. From the peak areas, end of irradiation

activity of an evaporation residue (A) was determined using the equation

A =
PA

CT

LT
e−λTcool [(1 − e−λCT)/λ](Iγ/100)ε

(1)

where, LT is the live time of analog to digital converter (ADC) and CT is the

corresponding clock time. First term in the denominator is a correction factor for

the decay during the time Tcool, elapsed from the end of irradiation to the start of

counting. Second term in the denominator is a correction factor for the decay during
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counting time CT. Iγ is the percentage gamma-ray intensity taken from Ref. 37 and

ε is the full energy detection efficiency of the HPGe detector. The HPGe detector

was efficiency calibrated using 152Eug and 133Bag standard sources. From the end

of irradiation activity A of an evaporation residue, its formation cross-section (σ)

was calculated using the equation

σ =
A

N

n
∑

i=1

φi(1− e−λ∆Tirr)e−λ(Tirr−i∆Tirr)

(2)

where, N is the number of target atoms per unit area, λ is the decay constant, Tirr

is the total irradiation time, n is the number of intervals and ∆Tirr (= 30 sec) is the

time interval for which average current was recorded. Decay data37 of evaporation

residues used in the calculation of their formation cross-section is given in Table 1.

Reaction channels for the formation of evaporation residues are also given in this

table. A given reaction channel may involve emission of different ejectiles, therefore

various reaction channels are expressed in terms of protons and neutrons as ejectiles.

3. Results and Discussion

Tungsten (W) isotopes formed in the complete fusion reaction are short lived and

decay to Ta isotopes. Fitting of γ-ray activity of Ta isotopes using decay-growth

equation did not show any significant contribution from direct formation of Ta

isotopes, therefore formation cross-section of Ta isotope was attributed to the cor-

responding W isotope. The excitation function of ERs formed in complete and

incomplete fusion channels in 19F+159Tb reaction are shown in Figs. 2(a)–(f). The

experimental cross-sections are shown as solid symbols. The uncertainties shown in

Fig. 2 are due to the counting statistics and peak-fitting. Tungsten isotopes corre-

spond to complete fusion channel, Hf isotopes correspond to (19F, 2pxn) channel,

Lu isotopes correspond to (19F, 3pxn) channel, Yb isotopes correspond to (19F,

4pxn) channel, Tm isotopes correspond to (19F, 5pxn) channel, and Ho isotopes

correspond to (19F, 7pxn) channel. Cross-sections for (19F, 6pxn) channel could

not be measured as most of the Er isotopes formed in the reaction were either very

short lived or having no gamma rays. Similarly, cross-sections for the ERs formed

following emission of PLFs with Z = 8 could not be measured due to the unsuit-

able decay characteristics of the evaporation residues. However, it would not affect

the results of the present study which is mainly focused towards investigation of

incomplete or massive transfer reactions involving large mass transfer.

In order to estimate the contribution from ICF reactions, cross-section for evap-

oration residues were calculated using the statistical model code PACE2.36 The

RKK level density prescription39 was used in PACE2 calculations. PACE2 gives

the probabilities of statistical de-excitation of the compound nucleus to different

decay channels. Statistical decay probabilities are converted to cross-section using

angular momentum distribution (l) of the compound nucleus. The l distribution
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Fig. 2. Theoretical and experimental excitation function of evaporation residues (ERs) produced
in 19F + 159Tb reaction. Solid lines are eye guides to the experimental data and dashed lines
represent cross-sections calculated using PACE2.36

of compound nucleus was generated using CCFUS40 and was given as input to

PACE2. The parameters of PACE2 code were fixed by reproducing the experimen-

tal cross-sections of W isotopes which are formed in complete fusion. The level

density parameter “a” was fixed at A/9.0 MeV−1 and yrast line was multiplied

by a factor of 1.4. The results of PACE2 calculations are shown as dotted lines in

Figs. [2(a) and (b)].

It can be seen from Fig. 2(b) that the experimental cross-sections of Hf isotopes

formed in (19F, 2pxn) channel are significantly higher as compared to the calcu-

lations of PACE2. Larger experimental cross-sections for Hf isotopes indicate the

contribution from ICF reaction in the formation of these isotopes. The lighter evap-

oration residues, namely, Lu–Ho isotopes are expected to be predominantly formed

in ICF reaction. According to the calculations of the code PACE2, the upper limit

of the CF contribution to the experimental cross-sections of Lu, Yb, Tm and Ho

isotopes was 7.5%. For the cases where model calculations did not predict any

cross-section, CF contributions were estimated based on the lowest cross-sections,
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obtained in the present calculations with the statistical uncertainty of 10%. ICF

cross-sections were estimated from experimental cross-section of Hf and lighter iso-

topes after correcting for CF contribution to Hf isotopes using the calculation of

PACE2. Also, the experimental cross-sections of 169Lu were corrected for the con-

tribution due to the decay of 169Hf, formed in CF, using PACE2 calculations. Total

ICF cross-sections, obtained by adding incomplete fusion contribution to different

ERs, were 13±4, 23±5, 50±9, 68±11 and 90±10 mb at Elab = 83, 88, 93, 98 and

103 MeV, respectively. The possible CF contribution to Lu, Yb, Tm and Ho iso-

topes constitute up to a maximum value of 1% of these extracted ICF cross-sections.

ICF cross-section extracted in this way would depend upon parameters of PACE2

calculations. However, as parameters of PACE2 code are fixed using the cross-

sections of W isotopes, which constitute about 86–93% of the total fusion cross-

section, model calculations are not expected to add any significant uncertainty

on extracted ICF cross-sections. Further, any variation in the model parame-

ters would not be able to reproduce substantial cross-section of ERs formed in

large mass transfer channels such as those of Lu, Yb, Tm and Ho isotopes. Sta-

tistical model calculations using nuclear reaction video (NRV) code available at

http://nrv.jinr.ru\nrv41–44 also gave similar estimate of incomplete fusion cross-

sections.

Wilczynski et al.1,16 proposed sum-rule model to explain the cross-section for in-

complete fusion channels as well as complete fusion channel. Within the framework

of sum-rule model, various incomplete fusion channels are localized in successive

angular momentum windows beyond critical angular momentum for complete fu-

sion “lcr(CF)”. According to this model the cross-section for a particular channel

is given by

σ(i) = π λ−2
lmax
∑

l=0

(2l+ 1)
Tl(i)p(i)

∑

j

Tl(j)p(j)
(3)

where, λ−= ~/
√
2µE is the reduced wavelength at energy E and µ is reduced mass,

p(i) and Tl(i) are the probability and transmission coefficient for the ith reaction

channel respectively. Tl(i) is given as

Tl(i) =

[

1 + exp

(

l − llim(i)

∆

)]

−1

(4)

where, llim(i) is the limiting angular momentum in the entrance channel for the

reaction channel i and is equal to (AP /n)lcr(i). AP is the projectile mass number,

n is the number of transferred nucleons and lcr(i) is the critical angular momentum

at which the pocket in the entrance channel potential vanishes for the reaction

channel i. The parameter ∆ is the diffuseness of the l-distribution. The probability

p(i) for a reaction channel i is given as45

P (i)α exp((Qgg(i)−Qc(i))/T ) (5)
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where, Qgg(i) is the ground state Q values for the reaction channel i and Qc(i)

is the difference between exit and entrance channel Coulomb energy calculated

at inter-nuclear separation distance R(A
1/3
P + A

1/3
T ) and T is the temperature in

the interaction region.1 Wilczynski et al. used T = 3.5 MeV, R = 1.55 Fm and

∆ = 1.7 ~ in the calculation of cross-sections for different channels in 14N+ 159Tb

at Elab = 140 MeV.1 Results of sum-rule model calculations with these parameters

for 19F + 159Tb reaction are shown as a function of ZPLF in Figs. 3(a)–(e) (solid

lines), where ZPLF is the Z of the outgoing PLF (= Zprojectile + ZTarget − ZERs).

The cross-sections for different isotopes for a given Z have been combined. For

comparison, experimental cross-sections of ERs (after apportioning the CF and

ICF contributions using the calculations of PACE2) corresponding to the emission

of PLFs with different Z are also shown in this figure. It can be seen from this figure

that the cross-sections for ERs formed in incomplete fusion channels are underesti-

mated by sum-rule model and the difference is beyond any possible uncertainty due

to the model calculations. Cross-section of some of the ERs could not be measured

due to their unsuitable decay characteristic or large contribution from precursors.

However, inclusion of cross-section of these ERs will further increase the discrep-

ancy between experimental cross-sections and sum-rule model1,16 calculations. The

difference between sum-rule calculations and experimental cross-sections increases

with decreasing beam energy. A better agreement between sum-rule model calcu-

lations and experimental data, as judged by the chi square, can be obtained by

increasing the value of temperature parameter. However, this requires the value of

parameter T to be around 6 MeV, which seems to be high for the beam energy

range of the present study. Also, significant difference between calculated and ex-

perimental cross-section exists for heavier PLFs. As pointed out in earlier studies6,7

underestimation of experimental ICF cross-section by sum-rule model at lower beam

energies (<10 MeV/nucleon) is due to the strong preference for complete fusion for

collision trajectories with l < lcr(CF). At lower beam energies, maximum angular

momentum lmax populated in the reaction is lower or close to lcr(CF). Therefore,

sum-rule model predicts small cross-section for incomplete fusion at these beam en-

ergies. However, significant cross-sections for ICF have been observed at lower beam

energies (<10 MeV/nucleon) in several studies.19,20,24,25,29,30,33,34 This observation

suggests the contribution to ICF from collision trajectories with l < lcr(CF).

In a recent work,7 calculation of transmission coefficient in the sum-rule model

was modified to allow effective competition from ICF for collision trajectories with

l < lcr(CF). The modified transmission coefficient T ′

l (i) is calculated using the

equation

T ′

l (i) =

[

1 + exp

(

l − llim(i)

∆

)]

−1

(enl FT )−1 , (6)

where, n is the number of transferred nucleons and the parameter FT governs

how rapidly the transmission coefficient will decrease with increasing l. The term

(enl FT )−1 decreases the transmission coefficient with increasing number of trans-
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Fig. 3. Plot of experimental evaporation residue (ER) cross-sections as a function of ZPLF of
the corresponding channel, at Elab = 83, 88, 93, 98 and 103 MeV, where ZPLF = Zprojectile +
ZTarget−ZERs. Results of sum-rule model calculation1,2 and modified sum-rule model calculation
are also shown in the figure. Solid lines are sum-rule model calculation with T = 3.5 MeV. Dashed
lines are sum-rule model calculation with T as free parameter. Dotted lines are modified sum-rule
model calculations7 with T = 3.5 MeV and FT as a free parameter.

ferred nucleons and, thus, reduces the strong preference for complete fusion for col-

lision trajectories with l < lcr(CF). Cross-sections of PLFs calculated with modified

sum-rule model with FT as free parameter are shown as dotted lines in Figs. 3(a)–

(e). In this calculations T was fixed at 3.5 MeV as number of data points were not

enough, particularly at lower beam energies, to constrain the fit with two param-

eters. The modified sum-rule model reproduces experimental cross-sections quite

well as shown in Figs. 3(a)–(e). Thus, modified sum-rule model, after incorporating
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effective competition from ICF below lcr(CF), successfully explains experimental

ICF cross-section at lower beam energies.

4. Conclusions

Present measurements of evaporation residue cross-sections by radiochemical

method shows a significant contribution from incomplete fusion at lower beam en-

ergies (∼ 5 MeV/nucleon). This observation suggests that it is necessary to include

the contribution to incomplete fusion from collision trajectories with l < lcr(CF)

to explain the ICF cross-section in this beam energy domain. Sum-rule model un-

derestimated the ICF cross-section as it strongly favors complete fusion for col-

lision trajectories with l < lcr(CF). Modified sum-rule model calculation, which

allows effective competition from incomplete fusion for collision trajectories with

l < lcr(CF), was in better agreement with the experimental data.
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